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Abstract. We consider the stationary state properties of the reduced density matrix as well
as spin-spin correlation functions after a sudden quantum quench of the magnetic field in the
transverse field Ising chain. We demonstrate that stationary state properties are described by a
generalized Gibbs ensemble. We discuss the approach to the stationary state at late times.
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1. Introduction
This is the second of two papers on the quench dynamics of the transverse field Ising chain. In the
first part of our work [1], which in the following we will refer to as “paper I”, we focussed on the time
dependence of the longitudinal spin correlations. The present manuscript gives a detailed account
of properties in the stationary state at infinite times after the quench. An important motivation
for studying problems of nonequilibrium time evolution in isolated quantum systems is provided by
recent experiments on trapped ultra-cold atomic gases [2, 3, 4, 5, 6, 7]. These experiments suggest
that observables such as multi-point correlation functions generically relax to time independent
values. Such a behaviour at first appears quite surprising, because unitary time evolution maintains
the system in a pure state at all times. The resolution of this apparent paradox is that in the
thermodynamic limit, (finite) subsystems can and do display correlations characteristic of a mixed
state, namely the one obtained by tracing out the degrees of freedom outside the subsystem itself.
In physical terms this means that the system acts as its own bath. An important question is how to
characterize the reduced density matrix describing the stationary behaviour. Intuitively one may
expect that conservation laws will play an important role, which in turn poses the question whether
quantum integrable systems exhibit qualitatively different stationary behaviours when compared
to generic, nonintegrable ones. These issues have been addressed in a number of recent works
[8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33,
34, 35, 36, 37, 38, 39, 40, 41, 42]. Most of these studies are compatible with the widely held belief
(see e.g. [8] for a comprehensive summary) that the reduced density matrix of any finite subsystem
(which determines correlation functions of all local observables within the subsystem) of an infinite
system can be described in terms of either an effective thermal (Gibbs) distribution or a so-called
generalized Gibbs ensemble (GGE) [9]. It has been conjectured that the latter arises for integrable
models, while the former is obtained for generic systems. Evidence supporting this view has been
obtained in a number of examples [9, 10, 12, 13, 14, 15, 16, 19, 21, 22, 23]. On the other hand,
several numerical studies [24, 26, 27, 37, 38] suggest that the full picture may well be more complex.
Moreover, open questions remain even with regard to the very existence of stationary states. For
example, the order parameter of certain mean-field models have been shown to display persistent
oscillations [43, 44, 45, 46, 47, 48]. Non-decaying oscillations have also been observed numerically
[26] in some non-integrable one-dimensional systems. This has given rise to the concept of “weak
thermalization”, which refers to a situation where only time-averaged quantities are thermal.
We will show in this manuscript that for a quench of the magnetic field in the transverse
field Ising chain, the reduced density matrix is described by a GGE. This establishes that any
local observable is described by the GGE. However we will also show that while some two-point
observables approach their asymptotic values relatively quickly, others will do so only after times
exponentially large in the separation between the two points. In practice this precludes experimental
or numerical detection of stationary behaviour for these observables.
1.1. Quench protocol and observables
In the following we focus on a global quantum quench of the magnetic field in the Ising Hamiltonian
H(h) = −J
L∑
j=1
[
σxj σ
x
j+1 + hσ
z
j
]
, (1)
where σαj are the Pauli matrices at site j, we assume J > 0, h > 0 and we impose periodic
boundary conditions σαL+1 = σ
α
1 . We assume that the many-body system is prepared in the ground
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state |Ψ0〉 of Hamiltonian H(h0). At time t = 0 the field h0 is changed instantaneously to a different
value h and one then considers the unitary time evolution of the system characterized by the new
Hamiltonian H(h), i.e. the initial state |Ψ0〉 evolves as
|Ψ0(t)〉 = e−itH(h)|Ψ0〉. (2)
The above protocol corresponds to an experimental situation [2, 4, 5], in which a system parameter
has been changed on a time scale that is small compared to all characteristic time scales present in
the system.
In equilibrium at zero temperature (and in the thermodynamic limit) the Ising model (1)
exhibits ferromagnetic (h < 1) and paramagnetic (h > 1) phases, separated by a quantum critical
point at hc = 1. The order parameter for the corresponding quantum phase transition is the
ground state expectation value 〈σxj 〉. The Hamiltonian (1) can be diagonalized by a Jordan-
Wigner transformation, which maps the model to spinless fermions with local annihilation operators
cj , followed by a Fourier transform and, finally, a Bogoliubov transformation. In terms of the
momentum space Bogoliubov fermions αk the Hamiltonian is diagonal:
H(h) =
∑
k
εh(k)α
†
kαk , εh(k) = 2J
√
1 + h2 − 2h cos(k). (3)
Details and precise definitions are given in Appendix A of paper I.
In the following we focus on the one and two-point functions of the order parameter
ρx(t) =
〈Ψ0(t)|σx` |Ψ0(t)〉
〈Ψ0(t)|Ψ0(t)〉 , (4)
ρxx(`, t) =
〈Ψ0(t)|σxj+`σxj |Ψ0(t)〉
〈Ψ0(t)|Ψ0(t)〉 , ρ
xx
c (`, t) = ρ
xx(`, t)− (ρx(t))2, (5)
the transverse spin correlators
ρz(t) =
〈Ψ0(t)|σz` |Ψ0(t)〉
〈Ψ0(t)|Ψ0(t)〉 , ρ
zz
c (`, t) =
〈Ψ0(t)|σzj+`σzj |Ψ0(t)〉
〈Ψ0(t)|Ψ0(t)〉 − (ρ
z(t))2, (6)
and the reduced density matrix of subsystem A
ρA(t) = TrA¯|Ψ0(t)〉〈Ψ0(t)|. (7)
Here A∪ A¯ is the entire system and in practice we will take A to consist of ` consecutive sites along
the chain. TrA¯ denotes a trace in the space of states describing the lattice sites in A¯.
Following paper I, we divide the time evolution of a two-point function for a fixed distance
` between the operator insertions into three regimes, which are determined by the propagation
velocity v(k) = dεh(k)dk of elementary excitations of the post-quench Hamiltonian. For a given final
magnetic field h, the maximal propagation velocity is
vmax = max
k∈[−pi,pi]
|ε′h(k)| = 2J min[h, 1] . (8)
The three different regimes are:
• Short-times vmaxt `.
• Intermediate times vmaxt ∼ `. This regime is of particular importance for both experiments and
numerical computations. A convenient way of describing this regime is to consider evolution
along a particular “ray” κ` = vmaxt in space-time, see Fig. 1. In order to obtain an accurate
description of the dynamics at a particular point along this ray, one may then construct an
asymptotic expansion in the single variable ` around the space-time scaling limit vmaxt, `→∞,
κ fixed.
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Figure 1. Left panel: for intermediate times vmaxt ∼ ` the behaviour of ραα(`, t) is most
conveniently determined by considering its asymptotic expansion around infinity (“space-time
scaling limit”) along the ray vmaxt = κ`. This viewpoint is appropriate for any large, finite t
and `. Right panel: the asymptotic late-time regime is reached by considering time evolution at
fixed `. To describe this regime one should consider an asymptotic expansion of ραα(`, t) around
t =∞ at fixed `.
• Late times vmaxt `. This includes the limit t→∞ at fixed but large `. In this regime it is no
longer convenient to consider evolution along a particular ray in space-time. In order to obtain
accurate results for the late time dynamics, one should construct an asymptotic expansion in
t around infinity, see Fig. 1.
It is important to note that in general taking κ → ∞ in the space-time scaling limit does not
necessarily reproduce the late time behaviour at fixed, asymptotically large `. In other words, in
general we have
lim′
κ→∞ lim
′
t,`→∞
κ fixed
ρααc (`, t) 6= lim′
`→∞
lim′
t→∞ ρ
αα
c (`, t), (9)
where lim′ denotes the leading term in an asymptotic expansion around the limiting point. We
will show that the limits do commute for ρxx(`, t) for most but not all quenches, but they never
commute for ρzzc (`, t).
1.2. Longitudinal versus Transverse Correlators
A global quantum quench of the transverse field in the Ising model is an essentially ideal testing
ground for many ideas related to thermalization [49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61].
An example is the issue to what extent the late time behaviour after a quench may depend on the
observable under consideration. In this regard, one may expect the locality of observables relative to
the elementary excitations of the model to play a role [49, 26, 50]. In the Ising chain, the transverse
spin operator σzj is local with respect to the fermionic degrees of freedom cj , while the order
parameter σxj is in general non-local. The non-locality makes the longitudinal correlators difficult
to analyze and general analytic results have been reported only recently in our short communication
[51] (the stationary properties in the special cases h0 = 0,∞ were obtained before in Ref. [55]). The
results reported in [51] for the correlation length in the stationary state were found to be described
by an appropriately defined GGE.
In contrast to order parameter correlators, the time evolution of one and two point functions
of the transverse spins σzm is straightforward to analyze (as the latter are fermion bilinears) and
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has been known since 1970 [52]. In spite of its simplicity, the connected two-point function
ρzzc (`, t) (corresponding to density correlations in gases) exhibits an interesting and quite general
phenomenon, namely a cross-over in the relaxational behaviour at an exponentially large time scale
tcross ∼ e`. As a consequence the truly stationary regime of ρzzc (`, t) is observed only at very late
times t > tcross, which in general is a serious limitation.
1.3. The quench variables
As shown in Appendix A of paper I, both the initial and final Hamiltonians can be diagonalized
by combined Jordan-Wigner and Bogoliubov transformations with Bogoliubov angles θ0k and θk
respectively
eiθk =
h− eik√
1 + h2 − 2h cos k , e
iθ0k =
h0 − eik√
1 + h20 − 2h0 cos k
. (10)
The corresponding Bogoliubov fermions are related by a linear transformation characterized by the
difference ∆k = θk − θ0k. In order to parametrize the quench it is useful to introduce the quantity
cos ∆k =
hh0 − (h+ h0) cos k + 1√
1 + h2 − 2h cos(k)
√
1 + h20 − 2h0 cos(k)
. (11)
We note that cos ∆k is invariant under the two transformations
(h0, h)→ (h, h0) and (h0, h)→
( 1
h0
,
1
h
)
. (12)
However, we stress that the quantum quench itself is not invariant under the maps (12).
1.4. Generalized Gibbs ensemble
The density matrix of a GGE can be cast in the form [62]
ρGGE =
1
ZGGE
e−
∑
m λmIm , (13)
where Im are some integrals of motion and ZGGE ensures the normalization condition Tr ρGGE = 1.
In Ref. [9], Rigol, Dunjko, Yurovsky and Olshanii proposed that an integrable system after a
quantum quench in the infinite time limit is in fact described by a GGE, where the Im represent
a complete set of independent integrals of motion and the Lagrange multipliers λm are fully
determined by the initial state |Ψ0〉 through the conditions
Tr[ρGGEIm] = 〈Ψ0|Im|Ψ0〉 . (14)
As we are particularly interested in the thermodynamic limit, we will employ the following,
somewhat narrower, definition of a GGE for the description of stationary properties after quantum
quenches.
• First, as the entire system will be in a pure state at all times, it cannot be described by a
density matrix corresponding to a mixed state. We therefore take ρGGE to be the reduced
density matrix of an infinitely large subsystem A in the thermodynamic limit. From this
reduced density matrix all multipoint correlation functions can be obtained. Moreover, one
can extract the reduced density matrix of any finite subsystem A1 by [15, 16]
ρA1(t =∞) = TrA¯1 ρGGE . (15)
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Considering an infinitely large subsystem A has the advantage that the density matrix
defining the GGE can be expressed in a simple way even for more complicated, interacting
integrable models, whereas the corresponding formulation for a finite subsystem becomes
difficult. However, in cases where the subsystem A1 consists of several disjoint blocks, the
reduced density matrix will not have a simple form like (16) even in the absence of interactions
[63].
The precise sequence of limits we have in mind is the following. The entire system is decomposed
in a subsystem A and its complement A¯. We then take the thermodynamic limit, keeping A
fixed. Finally we take the limit of A becoming infinite itself. The operator ρGGE is the reduced
density matrix of subsystem A in this limit.
The importance of considering the reduced density matrix when applying GGE ideas has been
emphasized previously in Refs. [15, 16, 19, 26, 27].
• Another crucial point, that perhaps has not yet received the attention it deserves, concerns the
issue of what integrals of motion Im ought to be included in the definition (14) of the GGE
density matrix. Indeed, any quantum system, integrable or not, has many integrals of motion.
For example the projectors In = |ψn〉〈ψn| on Hamiltonian eigenstates H|ψn〉 = En|ψn〉 are
integrals of motion [H, In] = [Im, In] = 0. Clearly, such conservation laws cannot play any role
in determining the late time behaviour after a quantum quench. Following [64] we therefore
propose to include only local integrals of motion in (14). These are characterized by arising
from an integral (or a sum in the case of lattice models) of a local current density Jn(x) as
In =
∫
dxJn(x), in the same spirit of the well known Noether theorem in quantum field theory.
This locality requirement is similar in spirit to the additivity requirement of Ref. [65].
With these remarks in mind, the generalized Gibbs ensemble for the Ising chain is then defined
by the density matrix [9]
ρGGE =
1
ZGGE
exp
(
−
∑
k
βkεkα
†
kαk
)
, (16)
and the Lagrange multiplier βk are fixed by the initial state |Ψ0〉 through the equations
〈Ψ0|α†kαk|Ψ0〉 = Tr[ρGGEα†kαk] . (17)
For a quench of the magnetic field in the Ising chain, these are easily solved with the results
βkεk = 2arctanh(cos ∆k) . (18)
However, the integrals of motion nk = α
†
kαk used in (16) are non-local in space. A priori this is a
serious problem as the integrals of motion defining a GGE must be local, as we pointed out above.
However, as shown in Ref. [64], the prescription (16) works, because in the particular case of the
Ising model the local integrals of motion can be expressed as complicated linear combinations of
nk = α
†
kαk. Hence for an infinite subsystem (16) is equivalent to a GGE defined using the local
integrals of motion.
1.5. Organization of the manuscript.
The present manuscript is organized as follows. In section 2 we give a detailed summary of our
main results. In Sec. 3 we show that the reduced density matrix is described by a GGE. In Sec. 4
we compute the stationary values of the longitudinal two-point correlation function, while in Sec.
5 we study transverse correlations and their approach to the GGE. In Appendix A we review some
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mathematical theorems we need to evaluate the asymptotic behaviour of longitudinal correlation
functions.
2. Summary of Results
2.1. Reduced Density Matrix in the Stationary State
Given that we start the system out in a pure state |Ψ0〉, its full density matrix is the one-dimensional
projector
ρ(t) = |Ψ0(t)〉〈Ψ0(t)|. (19)
The reduced density matrix of a subsystem A is then obtained as
ρA(t) = TrA¯
(
ρ(t)
)
, (20)
where A¯ is the complement of A. We have obtained the following result for ρA(t = ∞): in the
thermodynamic limit, for the case where A is itself infinite, the reduced density matrix in the
stationary state is equivalent to that of the generalized Gibbs ensemble (16)
ρA(t =∞) = ρGGE. (21)
In particular, this implies that arbitrary local multi-point spin correlation functions within
subsystem A can be evaluated as averages within the GGE. However, the calculation of such averages
represents itself a formidable problem. We have determined these averages for the most important
cases of the two-point functions ρxx(`, t = ∞) and ρzz(`, t = ∞) and present explicit expressions
below. We stress that although σxn is not local in terms of fermions, correlation functions involving
σxn can nevertheless be calculated from ρGGE. For correlation functions involving an even number
of σxn’s this is because the Jordan-Wigner strings cancel and one is left with an expression that
involves only fermions within subsystem A. Correlation functions involving an odd number of σxn’s
vanish as a result of the Z2 symmetry, which is restored in the GGE.
2.2. Longitudinal Correlators in the Stationary State
We find that the infinite time limit of the two-point function limt→∞ ρxx(`, t) for fixed but
asymptotically large ` is given by
ρxx(` 1, t =∞) = Cx(`)e−`/ξ [1 + o(`0)] . (22)
Here ξ and Cx(`) are functions of the initial (h0) and final (h) magnetic fields. The inverse
correlation length is
ξ−1 = θH(h− 1)θH(h0 − 1) ln [min(h0, h1)]− ln
[
x+ + x− + θH((h− 1)(h0 − 1))
√
4x+x−
]
, (23)
where θH(x) is the Heaviside step function and
x± =
[min(h, h−1)± 1][min(h0, h−10 )± 1]
4
, h1 =
1 + hh0 +
√
(h2 − 1)(h20 − 1)
h+ h0
. (24)
The function Cx(`) describes the subleading large-` asymptotics and takes the following form
(i) Quench within the ferromagnetic phase (h0, h < 1).
Cx(`) =
1− hh0 +
√
(1− h2)(1− h20)
2
√
1− hh0 4
√
1− h20
≡ CxFF. (25)
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(ii) Quench from the ferromagnetic to the paramagnetic phase (h0 < 1 < h).
Cx(`) =
√
h
√
1− h20
h+ h0
≡ CxFP. (26)
(iii) Quench from the paramagnetic to the ferromagnetic phase (h0 > 1 > h).
Cx(`) =
√
h0 − h√
h20 − 1
cos
(
` arctan
√
(1− h2)(h20 − 1)
1 + h0h
) ≡ CxPF(`). (27)
(iv) Quench within the paramagnetic phase (1 < h0, h).
Cx(`) ≡ CxPP(`) =

−h0
√
h
(
hh0−1+
√
(h2−1)(h20−1)
)2
4
√
pi(h20−1)3/4(h0h−1)3/2(h−h0) `
−3/2 if 1 < h0 < h ,√
h(h0−h)
√
h20−1
(h+h0)(hh0−1) if 1 < h < h0.
(28)
Here arctan(|x|) ∈ [0, pi/2). We see that in most cases Cx(`) tends to a constant value at large `.
The exceptions are quenches from the paramagnetic to the ferromagnetic phase, where Cx(`) tends
to an oscillatory function with constant amplitude, and quenches to a larger magnetic field within
the paramagnetic phase, where Cx(`) decays like a power law with exponent −3/2. For the special
cases h0 = 0 and h0 =∞ the asymptotic behaviour of ρxx(` 1, t =∞) agrees with the results of
Ref. [55], which were obtained by different methods.
2.3. Transverse Correlators in the Stationary State
The stationary behaviour of the connected longitudinal two-point function is
ρzzc (` 1, t =∞) ' Cz`−α
z
e−`/ξz (1 +O(`−1)) , (29)
where the transverse correlation length ξz, the exponent α
z and the amplitude Cz are given by
ξ−1z = | lnh0|+ min(| lnh0|, | lnh|),
αz =
 1 if | lnh| > | lnh0| ,0 if h0 = 1/h ,
1/2 if | lnh| < | lnh0| ,
(30)
Cz =

|h0−1/h0|
4pi
h0−h
hh0−1 if | lnh| > | lnh0| ,
− (h−1/h)22pi if h0 = 1/h ,
(h−1/h)
√
|h0−1/h0|(h0−h)
8
√
pih
√
h0−h
h0(hh0−1)
esgn(lnh)| lnh0|/2
sinh
| lnh|+| lnh0|
2
if | lnh| < | lnh0| .
(31)
2.4. How long one has to wait before one can “see” the GGE
Given that the infinite time behaviour of the reduced density matrix is described by a GGE, a
natural question to ask is how long we need to wait in order to be able to detect the convergence
of a given observable to its stationary value. Clearly, to answer this question we require knowledge
of the full time evolution of correlation functions and not only their stationary values. This is very
difficult in general, but can be studied in detail for the simple yet instructive case of the transverse
spin-spin correlation function.
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2.4.1. Transverse Correlations The connected transverse spin-spin correlation function has the
following integral representation
ρzzc (`, t) =
∫ pi
−pi
dk1dk2
(2pi)2
ei`(k1−k2)
{
2∏
j=1
sin ∆kj sin
(
2εh(kj)t
)
−
2∏
j=1
eiθkj
[
cos ∆kj − i sin ∆kj cos
(
2εh(kj)t
)]}
. (32)
The integral representation can now be used to obtain asymptotic expansions for large ` and t in
the two limits of interest:
(i) In the space-time scaling limit `, vmaxt → ∞ with vmaxt/` fixed, the asymptotic behaviour
can be evaluated by means of a stationary phase approximation. This shows that the leading
behaviour is a t−1 power-law decay, while subleading corrections are power laws as well, i.e.
ρzzc
(
` =
vmaxt
κ
, t
) ∼ Dz(t)
κ2t
+ o
(
t−1
)
, (33)
where Dz(t) is sum of a constant contribution and oscillatory terms with constant amplitudes.
(ii) In the late time regime at fixed, large `, we find that ρzzc (`, t) decays as a power law in t to a
stationary value that is exponentially small in `
ρzzc (`, t) ∼ ρzzc (`,∞) +
Ez(t)`e−`/ξ˜z
t3/2
+ o
(
t−3/2
)
, (34)
where Ez(t) =
∑
q=0,pi Aq cos
(
2tεh(q) + ϕq
)
with constants Aq, ϕq, and the stationary value
ρzzc (`,∞) is given above in (29). Crucially, ρzzc (`,∞) ∝ e−`/ξz is exponentially small in `. The
inverse correlation length ξ˜−1z is given by
ξ˜−1z = min(| log h0|, | log h|) < ξ−1z . (35)
We note that in the space-time scaling limit exponentially small terms such as ρzzc (`,∞) will always
be negligible compared to the dominant power law behaviour. On the other hand, in the late time
regime there exists a cross-over time scale
Jt∗2 ∼ e(2`/3)| log h0|, (36)
after which the stationary behaviour becomes apparent. Importantly, this time scale is exponentially
large in the separation `. As we have alluded to before, the space-time scaling limit is a convenient
way of obtaining the behaviour of ρzzc (`, t) for general large ` and t. Contributions that are
exponentially small in ` are not included in the asymptotic expansion obtained in the space-time
scaling limit. This observation allows us to define a cross-over time scale t∗1 between the intermediate
and late-time regimes by the requirement that the leading asymptotics in the space-time scaling limit
(∝ `2/t3) becomes comparable to the neglected exponentially small terms O(e−`/ξz , e−`/ξ˜z/t3/2).
This gives
Jt∗1 ∼ e2`/3ξ˜z . (37)
This estimate suggests that the result obtained in the space-time scaling limit will give a good
description of ρzzc (`, t) for fixed separation ` up to times of order t
∗
1. When | log h0| < | log h|, the
two time scales are comparable t∗1 ∼ t∗2. This means that in practice the space-time scaling limit
provides a good approximation for ρzzc (`, t) all the way up to the stationary regime (see Fig. 2). On
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Figure 2. Absolute value of the connected transverse correlator ρzzc (`, t) − ρzzc (`, t = ∞) as
function of time at fixed ` = 10. Initial and final magnetic fields h0 = 0.6 → h = 0.5 are chosen
such that a crossover between a t−3 and the asymptotic t−3/2 regime occurs at accessible times.
the other hand, when | log h0| > | log h| there is a large time window t∗2 > t > t∗1 in which a t−3/2
power-law decay can be observed.
The implications of these considerations for experiments or numerical calculations on finite-size
systems are as follows:
• First and foremost, in order to observe the GGE either numerically or experimentally, it is
essential to focus on a suitable observable. For the case of the TFIC this would be e.g. the
one-point function ρz(t).
• In a finite system of size L, boundary effects (such as reflection from the boundaries or
completing a full system traverse in the periodic case) will become important at a timescale
tfs ∼ L/vmax. (38)
In order to observe stationary behaviour, i.e. the GGE, this timescale should be larger than
the cross-over scale t∗2
tfs > t
∗
2. (39)
In practice this requires extremely large system sizes. Just to quote some numbers: if we could
simulate chains of length L = 10000 (which is at least one order of magnitude larger than
what can be achieved with currently available numerical algorithms), the GGE can be “seen”
at best for correlations evaluated at distances of about 10 lattice sites. Correlation functions
evaluated at larger distances may appear stationary, but this behaviour will not be related to
the GGE.
• The behaviour for large vmaxt < vmaxtfs and distances ` (compared to the lattice spacing) for
a finite system will generically be described by the intermediate time regime and in particular
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the result obtained in the space-time scaling limit. Time scales necessary to observe stationary
behaviour will generically be inaccessible.
2.4.2. Longitudinal Correlations As a result of their non-local nature with respect to the Jordan-
Wigner fermions these are much more difficult to determine than the transverse correlations.
Detailed results for the time evolution of one and two-point functions of σxm are presented in paper
I. The implications of these results for the present discussion are summarized as follows.
• For quenches originating in the ferromagnetic phase, the stationary value of ρxx(`, t) emerges
after a time t∗3 that scales as a power-law with the spatial separation vmaxt
∗
3 ∼ `4/3, cf. Eq.
(28) of paper I. Hence it is straightforward to see the approach (as a function of time) of the
two-point function to its stationary values, which are given by the GGE.
• For quenches within the paramagnetic phase ρxxc (`, t) exhibits an oscillatory power-law decay
in time towards its stationary value, which is exponentially small in `. Hence, in complete
analogy to the case of the transverse two-point function, the time scale t∗2 after which the
stationary behaviour reveals itself, is exponentially large
t∗2 ∝ e2`/3ξ, (40)
and very difficult to observe in practice.
2.5. Generalized Gibbs Ensemble and Conformal Field Theory.
In Refs. [11, 12] it has been shown that for conformal field theories the long time limit of correlation
functions after a quantum quench described by a conformally invariant boundary state is described
by a thermal (Gibbs) ensemble. Since CFTs are prototypical integrable field theories, this result
apparently contradicts the general expectation that integrable models should be described by
appropriately defined GGEs. We now show that for the case of the Ising field theory there is
in fact no contradiction and that the peculiarity of the CFT result can be traced back to the
particular (non-generic) initial state considered in Refs. [11, 12].
As discussed in paper I, CFT describes the scaling limit of the Ising model when the final gap
is send to zero. The scaling limit of the transverse field Ising chain is (a0 is the lattice spacing)
J →∞ , h→ 1 , a0 → 0, (41)
while keeping fixed both the gap ∆ and the velocity v
2J |1− h| = ∆ , 2Ja0 = v. (42)
In this limit the dispersion and Bogoliubov angle become
ε(q) =
√
∆2 + v2q2 , θh(q)→ sgn(h− 1)arctan
(vq
∆
)
. (43)
Here the physical momentum is defined as q = k/a0, with −∞ < q < ∞. In our quench problem
both the initial and the final magnetic field are scaled to the critical point, i.e. we need to take
h0 → 1 , 2J |1− h0| = ∆0 = fixed. (44)
Thus in the scaling limit we have
cos ∆k → ∆∆0 + (vq)
2√
(∆2 + (vq)2)(∆20 + (vq)
2)
. (45)
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For quenches to the quantum critical point, which is described by the Ising conformal field theory
with central charge c = 1/2, we need to furthermore take ∆→ 0, which results in
cos ∆k → v|q|√
∆20 + (vq)
2
. (46)
In this limit the expression (18) for the Lagrange multipliers βk becomes
βqv|q| = 2 arctanh v|q|√
∆20 + (vq)
2
. (47)
This shows that one obtains mode-dependent temperatures and hence a non-trivial GGE even in
the case of a quench to the Ising CFT.
However, the particular boundary states considered as initial states in Refs. [11, 12] correspond
to the limit of infinitesimal correlation length, i.e. a very large initial gap ∆0 → ∞. In the limit
v|q|/∆0 → 0, (47) becomes
βq =
2
∆0
, (48)
i.e. all mode dependent temperatures become equal, resulting in a thermal state. Thus the findings
[11, 12] should not be interpreted as showing that CFTs thermalize after quantum quenches. We
have been informed by John Cardy that by perturbing the conformal boundary condition it is
possible to show the emergence of a mode dependent temperature directly in CFT.
3. The infinite time limit and the generalized Gibbs ensemble
In this section we consider the infinite time limit of the reduced density matrix ρA of a subsystem
A composed of ` contiguous spins. To analyze ρA, we first consider its building blocks, i.e. the
two-point real-space correlation functions of fermions. It is convenient to replace the Jordan-Wigner
fermions cj (as defined in Appendix A of paper I) by the (real) Majorana fermions
axj = c
†
j + cj a
y
j = i(c
†
j − cj) , (49)
which satisfy the algebra {axl , axn} = 2δln, {ayl , ayn} = 2δln, {axl , ayn} = 0. In terms of these Majorana
fermions, the operator σxj has the nonlocal representation
σx` =
`−1∏
j=1
(iayja
x
j )a
x
` , (50)
while σzl is local
σzl = ia
y
l a
x
l . (51)
The correlation matrix Γ is defined as
Γ =

Γ0 Γ−1 · · · Γ1−`
Γ1 Γ0
...
...
. . .
...
Γ`−1 · · · · · · Γ0
 , Γl =
( −fl gl
−g−l fl
)
, (52)
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where the matrix elements are the fermionic correlators
gn ≡ − 〈axl ayl+n〉 ,
fn + δn0 ≡ 〈axl axl+n〉 = 〈ayl ayl 〉 ∀l . (53)
The matrix Γ is a block Toeplitz matrix, because its constituent 2 × 2 blocks depend only on the
difference between row and column indices. It is customary to introduce the (block) symbol of the
matrix Γ as follows
Γˆ(k) =
( −f(k) g(k)
−g(−k) f(k)
)
≡
∞∑
n=−∞
e−inkΓn. (54)
The functions f(k) and g(k) are
f(k) = sin ∆k sin(2εh(k)t),
g(k) = −ieiθk
[
cos ∆k − i sin ∆k cos(2εh(k)t)
]
, (55)
where eiθk and cos ∆k are defined in (10) and (11) respectively, while
sin ∆k =
(h− h0) sin k√
1 + h2 − 2h cos k
√
1 + h20 − 2h0 cos k
. (56)
The infinite time limit of the fermion correlators (53) is straightforwardly obtained by Fourier
transforming the functions f(k) and g(k)
f∞j = 〈axl axl+j〉
∣∣∣∣
t=∞
− δj0 = 0,
g∞j = − 〈axl ayl+j〉
∣∣∣∣
t=∞
= −i
∫ pi
−pi
dk
2pi
e−ijke−iθk cos ∆k . (57)
We can now use the Wick theorem to construct all correlation functions in the Ising chain‡.
Moreover, as shown in Refs [66, 67], the matrix Γ determines the full reduced density matrix
of the block A of ` contiguous fermions (and hence spins, because contiguous spins are mapped to
contiguous fermions, see Eq. (50)) in the chain
ρA =
1
2`
∑
µl=0,1
〈 2∏`
l=1
aµll
〉( 2∏`
l=1
aµll
)†
∝ ealWlmam/4 , (58)
where a2n = a
x
n, a2n−1 = a
y
n and
tanh
W
2
= Γ . (59)
Given ρA one can calculate any local correlation function with support in A.
In order to understand the properties of the stationary reduced density matrix, we should study
the structure of the fermion correlations in Eq. (57). These resemble the analogous correlations of
an Ising chain in equilibrium at finite temperature β−1 calculated in Ref. [52]
f
(β)
j = 〈〈axl axl+j〉〉 − δj0 = 0,
gβj = − 〈〈axl ayl+j〉〉 = −i
∫ pi
−pi
dk
2pi
e−ijke−iθk tanh
(βεk
2
)
, (60)
‡ For t→∞, the expectation values of odd (with respect to fermion parity) operators vanish for any quench. Thus
all nonzero correlation functions can be written in terms of two-point fermion correlators only.
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where 〈〈O〉〉 denotes the equilibrium expectation value of the operator O at temperature 1/β.
Comparing (60) to (57) suggests that if it were possible to find a β such that cos ∆k = tanh
(
βεk/2
)
for any k, local properties of the (sub)system could be described by a thermal state at inverse
temperature β−1. It is easy to see that this is not possible: on the one hand, the dispersion relation
is a continuous bounded function such that tanh
(
βεk/2
)
< 1 for any finite β. On the other hand
we have | cos ∆0| = | cos ∆pi| = 1, which implies that the equality cannot be fulfilled at least in some
neighbourhood of the momenta 0 and pi.
Having ruled out the possibility of a thermal reduced density matrix in the stationary state, we
next investigate the conjecture put forward by Rigol et. al. [9], according to which the stationary
state of integrable models are described by a generalized Gibbs ensemble. The latter is obtained by
maximizing the entropy, while keeping the energy as well as all higher conservation laws fixed. The
resulting stationary reduced density matrix is of the form
ρGGE =
1
ZGGE
e−
∑
m λmIm , (61)
where the Im represent a complete set of independent, local integrals of motion and the Lagrange
multipliers λm are fully determined by the initial state |Ψ0〉 through the conditions
Tr[ρGGEIm] = 〈Ψ0|Im|Ψ0〉 . (62)
We stress that locality of Im is an essential feature of this formulation. For the case of the
Ising model, it is shown in Ref. [64] that the local integrals of motion can be expressed as linear
combinations of the Bogoliubov fermion number operators nk ≡ α†kαk. Hence for the Ising model
(and by analogy other theories with free fermionic spectra) one may replace the local charges Im in
(61) by the number operators nk, despite the fact that the latter are non-local as discussed in the
introduction. Thus, taking the Lagrange multipliers as λk = βkεk in order to facilitate the eventual
identification of βk as a mode-dependent temperature, the GGE takes the form
ρGGE =
1
ZGGE
e−
∑
k βkεkα
†
kαk . (63)
The Lagrange multipliers βk are fixed by the conditions
Tr[ρGGE nk] = 〈Ψ0|nk|Ψ0〉 , (64)
which can be solved in closed form by
βkεk = 2arctanh(cos ∆k) . (65)
The fermionic two-point correlators in the GGE can be straightforwardly evaluated following the
finite-temperature calculation and are given by
g
(GGE)
j = −i
∫ pi
−pi
dk
2pi
e−ijke−iθk tanh
(βkεk
2
)
. (66)
The crucial point now is that the fermionic two-point functions g∞j and g
(GGE)
j are exactly the
same, given that the Lagrange multipliers βk are related to ∆k by (65), i.e.
g∞j = g
(GGE)
j . (67)
As the fermion correlators f∞j and g
∞
j completely fix the reduced density matrix ρA (the matrix
Wlm in (58) can be determined by simply evaluating all fermionic two-point functions using Wick’s
theorem), the equality (67) is lifted to the level of the reduced density matrices
ρA = TrA¯
(
ρGGE
)
. (68)
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A characteristic feature of the GGE is that it retains detailed information about the initial state.
This is in contrast to a thermal ensemble, which would correspond to βk = β for any k and would
depend on the initial state only through the average value of the energy. Given the structure of
∆k there is no quench for which the βk is independent on k and hence the stationary state is never
thermal. However, it is possible for the differences between GGE and thermal ensemble to be small
for certain observables [49].
To summarize the results of this section, we have shown that the stationary reduced density
matrix after an arbitrary quench of the bulk magnetic field in the Ising chain is equivalent to a
generalized Gibbs ensemble. Hence all local correlation functions can be deduced from the GGE.
The calculation of observables in the framework of the GGE generically remains a difficult problem.
In the following sections we determine the stationary behaviour of some of the most important
observables, namely the longitudinal and transverse correlation functions.
4. Stationary value of the longitudinal correlation function
The two-point function of σxj is the expectation value of a string of Majorana fermions
ρxx(`, t) = 〈
∏`
j=1
(−iayj (t)axj+1(t))〉 , (69)
and by Wick’s theorem one obtains a representation as the Pfaffian of the 2` × 2` antisymmetric
matrix Γ¯ considered in Ref. [52]
ρxx(`, t) = pf(Γ¯) , (70)
which has the same structure of the correlation matrix in Eq. (52) with blocks
Γ¯l =
( −ifl −igl−1
ig−l−1 ifl
)
. (71)
From the asymptotic correlations (57), we can compute this correlation function in the limit of
infinite time. Since f∞n = 0, the block structure in the matrix Γ¯ simplifies, and the two-point
function of the order parameter in the infinite time limit becomes the determinant of a ` × `
Toeplitz matrix G
ρxx(`, t) = det
(
G
)
, Gln = g
∞
l−n . (72)
The symbol of G is
g∞(k) = −ei(k−θk) cos ∆k . (73)
The representation (72) is more convenient than (70) for determining the large-` asymptotics of
ρxx(`, t) = det
(
G
)
. We will show that at late times the two-point function of the order parameter
decays exponentially with the distance
ρxx(` 1, t =∞) = Cx(`)e−`/ξ [1 + o(`0)] . (74)
The result (74) is obtained by using exact results on the asymptotic behaviour of the determinant
of Toeplitz matrices, such as Sze¨go’s lemma, the Fisher-Hartwig conjecture, and generalizations
thereof (the results we need in the following are summarized in Appendix A and are taken from
Refs. [68, 69, 70, 71]). To apply these theorems it is useful to change variable as z = eik, so that
the symbol can be rewritten as
g∞(z) ≡ g∞(−i ln z) = h+ h0
2
√
h0
√
z√
h0 − z
√
z − 1/h0
(z − h1)(1/h1 − z)
z − h , (75)
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where h1 is defined in Eq. (24). The asymptotic behaviour of the determinant and so the physical
quantities ξ and Cx(`) depend on the analytic properties of the symbol, which in turn change with
the quench parameters.
4.1. Quenches within the ferromagnetic phase.
The symbol (75) is different from zero on the unit circle |z| = 1 and has winding number zero about
the origin z = 0. Under these conditions, it is possible to apply the strong Sze¨go lemma (see (A.3)).
The inverse correlation length is straightforwardly obtained as
ξ−1 = −
∫ 2pi
0
dk
2pi
ln g∞(eik) = −
∫ 2pi
0
dk
2pi
ln cos ∆k . (76)
The integral can be carried out using (x > 0)∫ 2pi
0
dk
2pi
ln(x− eik) = θ(x− 1) lnx , (77)
to finally obtain
ξ−1 = − ln
(h+ h0
2
h1
)
. (78)
The multiplicative factor Cx(`) = CxFF is slightly more complicated to obtain. It is given by (see
Eq. (A.3))
CxFF = exp
[∑
k≥1
k(ln g∞)k(ln g∞)−k
]
, (79)
where we used the same notation as in the appendix. The Fourier coefficients (ln g∞)k are
(ln g∞)k =
 (h
k
0 − 2h−k1 )/(2k) if k > 0 ,
ln
(
(h+ h0)h1/2
)
if k = 0 ,
(2hk1 − 2h−k − h−k0 )/(2k) if k < 0 .
(80)
Carrying out the k-sum in (79) we obtain
CxFF =
1− hh0 +
√
(1− h2)(1− h20)
2
√
1− hh0 4
√
1− h20
. (81)
Putting everything together we conclude that the two-point function has the following asymptotic
behaviour
ρxx(`, t =∞) = 1− hh0 +
√
(1− h2)(1− h20)
2
√
1− hh0 4
√
1− h20
e−`/ξ +O(e−κ`) , (82)
for some κ > ξ−1. In Fig. 3 this analytic prediction is compared with numerical data. The
agreement is clearly excellent.
Quantum Quench in the Transverse Field Ising chain II 17
Figure 3. ln |ρxx(`, t = ∞)| after a quench within the ordered phase from h0 = 0.3 to h = 0.7.
The straight line is the asymptotic prediction in Eq. (82).
4.2. Quenches within the paramagnetic phase.
Here the winding number of the symbol equals 1. Following Ref. [71] (see Appendix A for some
details) we first rewrite the symbol by factorizing an appropriate power of z, such that the remainder
has winding number zero about the origin
y(z) ≡ −g∞(1/z)z = h+ h0
2h
√
h0
√
z√
z − 1/h0
√
h0 − z
(z − 1/h1)(h1 − z)
z − 1/h . (83)
The function y(z) has winding number zero as desired and no zeroes on the unit circle |z| = 1. We
note that g∞(1/z) is in fact the symbol of the transpose of G. It has negative winding number,
which is precisely the case discussed in Appendix A. From the Wiener-Hopf factorization of y(z)
as defined in Eq. (A.9)
y(z) = y+(z)
h+ h0
2hh0
h1 y−(z) ,
y±(z) = exp
∑
k≥1
(ln y)±kz±k, (84)
the correlation function is obtained using (A.16)
ρxx(`, t =∞) ' exp
[∑
k≥1
k(ln y)k(ln y)−k
](h+ h0
2hh0
h1
)`
I` . (85)
Here I` is given in terms of y±(z) by
I` =
∫ 2pi
0
dk
2pi
ei`k
y−
(
e−ik
)
y+
(
e−ik
) . (86)
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The inverse correlation length can be read off from (85) to be
ξ−1 = − ln
(h+ h0
2hh0
h1
)
− lim
`→∞
1
`
ln I` . (87)
In order to find y−(z) we use the standard Wiener-Hopf factorizations
(α(x− z)q)− =
{ (
z−x
z−1
)q
if x < 1 ,
1 if x > 1 ,
(88)
(α(x− z)q)+ =
{
(1− z)q if x < 1 ,
(1− z/x)q if x > 1 , (89)
where α is an arbitrary complex number. The rhs above are independent on α because of our
normalization of the factorization in Eq. (A.9).
The Wiener-Hopf factorization of y(z) is a combination of the above with q = 0,±1/2,±1, and
after some simple algebra we get
y−(z) =
√
z√
z − 1/h0
z − 1/h1
z − 1/h , y+(z) =
√
h0
h1
h1 − z√
h0 − z
. (90)
Substituting these expressions into I`, we obtain
I` =
h
√
h0
h1
∮
C
dz
2pii
z`−
1
2
√
z − 1/h0√
h0 − z
h1 − z
(h− z)(z − 1/h1) , (91)
where C is the unit circle. For numerical computations the following equivalent expression is more
convenient
I` = 2Jh
∫ 2pi
0
dk
2pi
ei`k
εh(k)
e−i(θ(k)+θ0(k)−2θ1(k)) , (92)
where θ1 is the Bogoliubov angle corresponding to the magnetic field h1, i.e.
eiθ1(k) =
h1 − eik√
1 + h21 − 2h1 cos k
. (93)
The integral (91) is dominated by the vicinities of the points in the interior of the unit circle, at
which the integrand is non-analytic. There are two branch points at z = 0 and z = 1/h0, and a
simple pole at z = 1/h1. If the leading contribution arises from z ≈ 1/h1, the `-dependence takes
a simple exponential form, while additional power-law corrections arise if the integral is dominated
by the region z ≈ 1/h0. The leading exponential contribution arises from the pole if h0 > h1
(corresponding to h0 > h) and by the branch point at z = 1/h0 if h0 < h1 (corresponding to
h > h0)
I` ∝
{
h−`1 h0 > h ,
h−`0 h0 < h .
(94)
Combining this result with (86) and Eq. (87) leads to the following result for the inverse correlation
length
ξ−1 = − ln
(h+ h0
2hh0
h1
)
+ ln min(h0, h1) . (95)
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Figure 4. ln |ρxx(`, t =∞)| as function of ` after two quenches within the disordered phase. Left:
The case h0 > h: The solid line is the prediction (101) and is seen to be in excellent agreement
with the numerical data. Right: The case h0 < h. The straight line is the leading term of the
prediction (106). Some deviations at small ` are visible due to the subleading correction in (106).
4.2.1. Calculation of the constant CxPP for h0 > h. From (85) we have
CxPP = B exp
[∑
k≥1
k(ln y)k(ln y)−k
]
, (96)
where B is the residue of the integrand in Eq. (91) at 1/h1 without the exponential factor h
−`
1
B =
2h
√
h20 − 1
(h0 − h)
√
h20 − h2
(
hh0 − 1−
√
(h2 − 1)(h20 − 1)
)
. (97)
The Fourier coefficients (ln y)k are the same as for the quench from 1/h0 to 1/h, because cos ∆k is
invariant under the inversion of the magnetic fields, so that
(ln y)k
∣∣∣∣
h0→h
= (ln gFF∞ )k
∣∣∣∣
1/h0→1/h
, k 6= 0 . (98)
Using this in (96) we conclude that the “Sze¨go part” of CxPP is the same as in the ordered phase
exp
[∑
k≥1
k(ln y)k(ln y)−k
]
= CFF(1/h0, 1/h) . (99)
Combining the two pieces in Eq. (96) we have
CxPP =
√
h(h0 − h)
√
h20 − 1
(h+ h0)(hh0 − 1) , h0 > h, (100)
so that the two-point function has the following asymptotic behaviour
ρxx(`, t =∞) =
√
h(h0 − h)
√
h20 − 1
(h+ h0)(hh0 − 1) e
−`/ξ +O(e−κ˜`), h0 > h, (101)
where κ˜ > ξ−1. The asymptotic result (101) is compared to numerical results for the two-point
function in Fig. 4 (left panel). The agreement is clearly excellent.
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4.2.2. Calculation of CxPP(`) for h0 < h. This case is slightly more involved. The two point
function acquires a power law prefactor since the leading contribution to the integral (91) arises
from the vicinity of the branch point at 1/h0. Isolating this contribution gives
I` ≈ − 2h
h1
h
− 12−`
0
∫ 1+i
h0
h1
+1+i
dx
2pii
x`−
1
2
√
x− 1√
h0 − x/h0
h1 − x/h0
(h− x/h0)(x/h0 − 1/h1) +O(h
−`
1 ) , (102)
where  and 1 are two infinitesimal positive constants. After the change of variable w = (1− x)`s,
with `s = `− 12 , we obtain
I` ≈ − 2h
h1
h−1−`s0
`
3
2
s
∫ M`
0
dw
2pi
√
w(1− w`s )`s√
h0 − 1h0 + w`sh0
h1 − 1h0 + w`sh0
(h− 1h0 + w`sh0 )( 1h0 − 1h1 − w`sh0 )
, (103)
where
M` = `s
(
1− h0
h1
− 1
)
. (104)
The large ` asymptotics is obtained by expanding in powers of 1/`s and taking the integration limit
(M`) to infinity. At a given order of the asymptotic expansion the resulting error is exponentially
small. After straightforward algebra we arrive at
I` ≈ −Γ(3/2)
2pi
2hh0√
h20 − 1
h0h1 − 1
(h0h− 1)(h1 − h0)
h−`0
(`− 12 )
3
2
, (105)
which in turn leads to the following result for the two-point function
ρxx(`, t =∞) ' −
h0
√
h
(
hh0 − 1 +
√
(h2 − 1)(h20 − 1)
)2
4
√
pi(h20 − 1)3/4(h0h− 1)3/2(h− h0)
× (`− 1
2
)− 32(1 + α
`− 12
+ . . .
)
e−`/ξ, h0 < h . (106)
The constant α characterizing the subleading contribution in (106) is given by
α =
3
8
[ 3
h20 − 1
− 4
h0h− 1 −
h0(5h0(h− h0)− 8
√
(h2 − 1)(h20 − 1))
(h− h0)(h20 − 1)
]
. (107)
The requirement that the term involving α should be small establishes the regime of validity of the
expansion (106). In particular, for small quenches in the sense of paper I, i.e. η = max | sin ∆k|
being small, we have
α =
3h
2(h2 − 1)
1
η
+O(η0) . (108)
Hence (106) holds only for distances that are sufficiently large compared to (h−h0)−1. In particular,
in the limit h→ h0 its region of validity disappears entirely.
In Fig. 4 the asymptotic result (106) (with α set to zero) is compared to numerical data. It is
evident that for h0 < h and ` not large enough there are sizeable corrections to (106).
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Figure 5. ln |ρxx(`, t =∞)| as a function of ` for quenches across the critical point. Blue squares
correspond to a quench from the paramagnetic (h0 = 1.3) to the ferromagnetic (h = 0.7) phase.
The blue solid line is the asymptotic expression (118). Red triangles correspond to a quench from
the ferromagnetic (h0 = 0.7) to the paramagnetic (h = 1.3) phase. The red straight line is the
asymptotic result (116). In both cases the asymptotic and numerical results are seen to be in
excellent agreement.
4.3. Quenches across the critical point.
For quenches across the critical point h1 is a complex number with unit modulus |h1| = 1. In this
case, the symbol has two simple zeroes on the integration contour at z1 = h1 and z2 = 1/h1 = h
∗
1.
Thus, as first step we need to cast the symbol in the form (A.7) which is suitable for application of
the Fisher-Hartwig conjecture as reported in (A.10). Since the symbol has no discontinuities, we
only need to isolate the zeroes. This can be done by rewriting g∞(z) in the form
g∞(z) =
[
h−β11 (h
∗
1)
−β2
]
f (β1,β2)(z) zβ1+β2 (−1)β1−β2 (h1 − z)(z − h
∗
1)
z
, (109)
where
f (β1,β2)(z) =
[
hβ11 (h
∗
1)
β2
h+ h0
2
√
h0
]
(−1)β1−β2
√
z
√
h0 − z
√
z − h−10
z1−β1−β2
z − h . (110)
The symbol (109) is now in the desired form (A.7) with
R = 2 , α0 = β0 = 0 , α1 =
1
2
, β1 =
1
2
−m1 , α2 = 1
2
, β2 =
1
2
−m2 , (111)
where m1,2 ∈ Z are integers that label the inequivalent representations of the symbol. Taking into
account the contributions of all representations results in an expression for the two-point function
of the form
ρxx(` 1, t =∞) '
∑
{β1,β2}ineq.
Cβ1,β2 `
1/2−β21−β22
[
−hβ11 (h∗1)β2
]`
e−`/ξ(β1,β2) , (112)
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where we isolated the oscillatory factor
[ − hβ11 (h∗1)β2)]`. In (112), ξ(β1, β2) and Cβ1,β2 are
respectively the correlation length and correlation amplitude corresponding to the representation
labelled by β1,2 of the symbol (cf. (A.10)). In the special case R = 2, α1 = α2 = 1/2, α0 = β0 = 0,
z1 = h1, z2 = h
∗
1, the amplitudes of the various representations are given by
Cβ1,β2 = exp
[∑
q≥1
q
(
ln f (β1,β2)
)
q
(
ln f (β1,β2)
)
−q
] [
f
(β1,β2)
+ (h1)
]− 12+β1 [
f
(β1,β2)
− (h1)
]− 12−β1
×
[
f
(β1,β2)
+ (h
∗
1)
]− 12+β2 [
f
(β1,β2)
− (h
∗
1)
]− 12−β2
× |h1 − h∗1|2(β1β2−
1
4 )
( h∗1
h1eipi
) β2
2 −
β1
2
2∏
j=0
G( 32 + βj)G(
3
2 − βj)
G(2)
, (113)
where G is Barnes’ G-function and f
(β1,β2)
± (z) are the factors of the Wiener-Hopf factorization of
f (β1,β2)(z) in the conventions (A.9). As G(−n) = 0 for n = 0, 1, 2 . . . we need to consider only the
four inequivalent representations
β1 = ±1
2
, β2 = ±1
2
. (114)
In order to obtain explicit expressions for C± 12 ,± 12 and ξ(±
1
2 ,± 12 ) we need to consider quenches
from the paramagnetic to the ferromagnetic phase and vice versa separately. This is done in the
following two subsections.
4.3.1. Quenches from the paramagnetic to the ferromagnetic phase. The leading contributions in
the large-` limit arise from the two representations
(β1, β2) =
(1
2
,−1
2
)
, (β1, β2) =
(− 1
2
,
1
2
)
. (115)
In both cases the inverse correlation length takes the simple form
ξ−1
(
±1
2
,∓1
2
)
= −
∫ 2pi
0
dk
2pi
ln
(
h∓11 f
(± 12 ,∓ 12 )(eik)
)
= − ln
(h+ h0
2h0
)
. (116)
As shown below, the constants Cβ1,β2 are equal to
C 1
2 ,− 12 = C− 12 , 12 =
1
2
√
h0 − h√
h20 − 1
. (117)
Putting everything together we arrive at the following result for the asymptotics of the two-point
function
ρxx(`, t =∞) =
√
h0 − h√
h20 − 1
Re[h`1] e
−`/ξ +O(e−κ
′`) , (118)
where κ′ > ξ−1. Rewriting h1 as a function of h and h0 one recovers the form given in (27). The
expression (118) is compared to numerical results for ρxx(`, t = ∞) in Fig. 5. The agreement for
large distances ` is clearly excellent. We note that (118) can be understood as the leading term in
an asymptotic expansion only if Re[h`1] is of order 1. For the particular quench from
h0 =
h+
√
2(1− h2)
1− 2h2 (119)
to h < 1/
√
2 we have h21 = i and (118) vanishes for ` = 4n+ 2, with n integer. For this particular
sequence of distances ξ does then not represent the correlation length.
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Calculation of the constant C 1
2 ,− 12 . The Wiener-Hopf factorization of f
( 12 ,− 12 )(z) is
f (
1
2 ,− 12 )(z) = f (
1
2 ,− 12 )
+ (z)
(h+ h0)h1
2h0
f
( 12 ,− 12 )− (z) , (120)
where
f
( 12 ,− 12 )
+ (z) =
√
h0√
h0 − z
, f
( 12 ,− 12 )− (z) =
√
z√
z − 1/h0
z
z − h . (121)
This results in Fourier coefficients
(
ln f (
1
2 ,− 12 )
)
k
=

h−k0 /(2k) if k > 0 ,
ln
(
h+h0
2h0
h1
)
if k = 0 ,
−(hk0 + 2h−k)/(2k) if k < 0 .
(122)
The Sze¨go part of the constant is then of the form
exp
[∑
k≥1
k
(
ln f (
1
2 ,− 12 )
)
k
(
ln f (
1
2 ,− 12 )
)
−k
]
=
h0
4
√
h20 − 1
√
h0 − h
. (123)
Substituting (121) and (123) into the expression (113) we obtain the result (117). The calculation
of C− 12 , 12 is completely analogous.
4.3.2. Quenches from the ordered to the disordered phase. Here the leading contribution in (112)
arises from the representation
β1 = β2 =
1
2
. (124)
The Wiener-Hopf factorization of f (
1
2 ,
1
2 )(z) is
f (
1
2 ,
1
2 )(z) = f
( 12 ,
1
2 )
+ (z)
h+ h0
2h
f
( 12 ,
1
2 )− (z) , (125)
where
f
( 12 ,
1
2 )
+ (z) =
1√
1− zh0
1
1− z/h, f
( 12 ,
1
2 )− (z) =
√
z√
z − h0
. (126)
The Fourier coefficients of ln f (
1
2 ,
1
2 ) are
(
ln f (
1
2 ,
1
2 )
)
k
=

(hk0 + 2h
−k)/(2k) if k > 0 ,
ln
(
h+h0
2h
)
if k = 0 ,
−h−k0 /(2k) if k < 0 .
(127)
while the inverse correlation length is
ξ−1 =
(
ln f (
1
2 ,
1
2 )
)
0
= ln
(h+ h0
2h
)
. (128)
We note that (128) coincides with the result obtained by formally interchanging h0 with h for
quenches from the disordered to the ordered phases (116). The Sze¨go part of the constant is given
by
exp
[∑
k≥1
k
(
ln f (
1
2 ,
1
2 )
)
k
(
ln f (
1
2 ,
1
2 )
)
−k
]
=
√
h
4
√
1− h20
√
h− h0
. (129)
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Substituting (126) and (129) into (113) and (126) we obtain the following result for the asymptotic
behaviour of the two-point function
ρxx(`, t =∞) =
√
h
√
1− h20
h+ h0
e−`/ξ +O(e−κ¯`) , (130)
where κ¯ > ξ−1. In Fig. 5 the analytic result (130) is compared to a numerical computation of
ρxx(`, t =∞) and the agreement is seen to be excellent.
4.4. A general formula for the correlation length.
The results (78), (95), (116) and (128) can be combined into the following general expression for
the inverse correlation length ξ−1
ξ−1 = −
∫ 2pi
0
dk
2pi
ln | cos ∆k|+ θH(h− 1)θH(h0 − 1) ln min(h0, h1) , (131)
where h1 is defined in Eq. (24). After simple algebraic manipulations, this expression can be cast
in the form reported in (23).
5. Transverse correlations
We now turn to the correlation functions of transverse spins σzl . These are simple because σ
z
l are
local in the fermionic representation σzl = ia
y
l a
x
l . Concomitantly, and in contrast to order parameter
correlators, exact analytic results have been known for many decades, both in equilibrium [72, 52]
and after a quantum quench [52]. Here we summarize these results and point out some interesting
features, which as far as we know have not previously been stressed in the literature.
5.1. The one-point function
We first consider the one-point function, i.e. the magnetization in the z direction, which is [52]
〈σzl 〉 = 〈iayl (t)axl (t)〉 = −
∫ pi
0
dk
pi
(
cos θk cos ∆k + sin θk sin ∆k cos(2εh(k)t)
)
, (132)
where εh(k), θk, ∆k and defined in (3), (10) and (11) respectively. Unlike the order parameter, the
transverse magnetization has a finite value in the stationary state
lim
t→∞ 〈σ
z
l 〉 = −
∫ pi
0
dk
pi
cos θk cos ∆k . (133)
The result (133) agrees with the GGE prediction. The late-time limit of (132) can be determined
by a stationary phase approximation. The leading contributions arise from the saddle points at
k = 0 and k = pi and a straightforward calculation gives
〈σzl 〉
∣∣∣
Jt1
= −
∫ pi
0
dk
pi
cos θk cos ∆k (134)
+
h0 − h
4
√
pi(2hJt)
3
2
[ sin(4J |1− h|t+ pi/4)√|1− h||1− h0| − sin(4J(1 + h)t− pi/4)√1 + h(1 + h0)
]
+O((Jt)−
5
2 ) . (135)
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5.2. The two-point function
The connected transverse two-point correlator is expressed in terms of the Majorana fermions as
(see Eq. (53))
ρzzc (`, t) = 〈σzl σzl+`〉 − 〈σzl 〉2
= 〈ay1ay`+1〉 〈ax1ax`+1〉 − 〈ay1ax`+1〉 〈ax1ay`+1〉 = f−`f` − g`+1g1−` . (136)
Using Eq. (55), ρzzc (`, t) can be written as a double integral in momentum space
ρzzc (`, t) =
∫ pi
−pi
dk1dk2
(2pi)2
ei`(k1−k2)
{
2∏
j=1
sin ∆kj sin
(
2εh(kj)t
)
−
2∏
j=1
eiθkj
[
cos ∆kj − i sin ∆kj cos
(
2εh(kj)t
)]}
. (137)
where θk, ∆k and εh(k) are given by (10), (11) and (3) respectively.
5.2.1. The infinite time limit and the GGE. In the limit t → ∞ at fixed, finite ` all oscillating
terms in this integral average to zero and we are left with
ρzzc (`,∞) = −
∫ pi
−pi
dk
2pi
ei`keiθk cos ∆k
∫ pi
−pi
dp
2pi
ei`pe−iθp cos ∆p . (138)
This resembles the result for the finite temperature connected 2-point function obtained in [52]
〈〈σzl σzl+`〉〉 − 〈〈σzl 〉〉2 = −
∫ pi
−pi
dk
2pi
ei`keiθk tanh
(βεh(k)
2
) ∫ pi
−pi
dp
2pi
ei`pe−iθp tanh
(βεh(p)
2
)
. (139)
Here 〈〈O〉〉 denotes the thermal equilibrium expectation value at temperature 1/β. Replacing β
with a mode dependent inverse temperature as in (65),
βεh(k) −→ βkεh(k) = 2 arctanh
(
cos(∆k)
)
, (140)
reduces (139) to (138). This again confirms the notion that the GGE can be thought of in terms
of a mode-dependent temperature. In order to determine the large−` behaviour of ρzzc (`,∞) we
change the integration variable in (138) to z = eik. This results in a contour integral along the unit
circle C
ρzzc (`,∞) = −
(h+ h0)
2
4hh0
I+I− ,
I± =
∮
C
dz
2pii
z`−1±1/2√
(z − 1/h0)(h0 − z)
(z − 1/h1)(h1 − z)
±(z − h∓1) , (141)
where h1 is given in (24). Inside the unit circle there is a branch cut connecting 0 with min{h0, 1/h0}.
In addition there is a pole at min{h, 1/h} in I+ if h > 1 and in I− if h < 1. The leading contributions
to the integral arise from the pole and the vicinity of the branch point at min{h0, 1/h0}. Taking
these into account (and assuming that h0h 6= 1) we obtain
ρzzc (`,∞) =

Czz1
e−2| lnh0|`
`
(
1 +O(`−1)
)
if | lnh| > | lnh0| ,
Czz2
e−(| lnh|+| lnh0|)`√
`
(
1 +O(`−1)
)
if | lnh0| > | lnh|.
(142)
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Here the amplitudes are
Czz1 =
|h0 − 1/h0|
4pi
h− h0
1− hh0 ,
Czz2 =
(h− 1/h)√|h0 − 1/h0|(h0 − h)
8
√
pih
√
h0 − h
h0(hh0 − 1)
esgn(lnh)| lnh0|/2
sinh | lnh|+| lnh0|2
. (143)
For quenches such that hh0 = 1 the result is instead
ρzzc (`,∞) = −
(h− 1/h)2
2pi
e−2| lnh|` + . . . h0 = 1/h . (144)
5.2.2. Time dependence in the space-time scaling regime. We now consider the late time behaviour
in the space-time scaling regime, i.e. in an asymptotic expansion around the limit `, t → ∞ at
fixed finite ratio v = `/2t. As ` ∝ t appears in (137) linearly in the phases (albeit in different
combinations), the asymptotic power law behaviour can be determined by a stationary phase
approximation. The calculation is relatively simple, but the resulting formulas are long and not
very illuminating. The general form of the answer is
ρzzc (`, t) '
1
t
∑
i
αi(v) cos(ωi(v)t+ ϕi(v)) , (145)
where the sum runs over the various saddle points. The leading power-law t−1 comes simply
from the stationary phase, but the calculations of the functions αi, ϕi and ωi are quite tedious.
For this reason we focus on the non-oscillating contribution with ω0(v) = 0, which we denote by
ρzz0 (`, t). This zero-frequency piece arises from terms, in which the phase in Eq. (137) vanishes at
the stationary points, i.e. from
pi∫
−pi
dk1dk2
8pi2
e2ivt(k1−k2) sin ∆k1 sin ∆k2 cos
(
2[εh(k1)− εh(k2)]t
)(
1 + ei(θk1+θk2 )
)
. (146)
The large-t behaviour of this double integral can be extracted by a two-dimensional stationary
phase approximation. Its non-oscillating part (characterized by k1 = k2) for h 6= 1 is
ρzz0 (`, t) '
1
4t
∫ pi
0
dk
pi
sin2 ∆k cos
2 θk δ(ε
′
h(k)− v) (147)
=
θH(vmax − v)
4pit
[ sin2 ∆kv cos2 θkv
|′′(kv)| +
sin2 ∆k˜v cos
2 θk˜v
|′′(k˜v)|
]
, (148)
where kv and k˜v are the solutions of ε
′
h(k) = v. In the case h = 1 there is only a single term in
(148) with kv = 2arccos(v/2J). The following remarks are in order
(i) For v > vmax the connected two-point function is exponentially small in vt = `  1, in
accordance with expectations based on causality [11].
(ii) In contrast to the order parameter two-point function ρxxc (`, t) studied in paper I, for given t
and ` only elementary excitations with velocity exactly equal to v = ±`/2t contribute to the
asymptotic behaviour of ρzzc (`, t). This is a consequence of the transverse spins being fermion
bilinears.
(iii) In the limit v → 0 (147) becomes (sin ∆k ∝ v, while cos2 θk and ε′′h(k) are finite at the saddle
points),
ρzz0 (`, t) ∝ `2/t3 . (149)
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6. Conclusions
In this work we have derived analytic expressions for the stationary behaviour of the reduced density
matrix as well as one and two point functions in the transverse field Ising chain after a sudden quench
of the magnetic field. We have shown that local observables in the infinite time limit are described by
an appropriately defined generalized Gibbs ensemble. We have furthermore analyzed the approach
in time to the stationary state and addressed the question, how long it takes for the GGE to reveal
itself for a given observable. We found that in general this time grows exponentially with the spatial
extent of the observable considered, e.g. t ∝ eα` for a two-point function with spatial separation `.
Our analysis can be straightforwardly generalized to quantum quenches in other models with free
fermionic spectrum such as the spin-1/2 XY chain in a magnetic field and we expect qualitatively
similar behaviour. In contrast, the stationary behaviour in interacting integrable models such as
the δ-function Bose gas is not amenable to treatment by the methods employed here and one needs
to proceed along different paths [42].
Acknowledgments
We thank John Cardy, Jean-Sebastie´n Caux, Robert Konik, Dirk Schuricht and Alessandro Silva
for helpful discussions. This work was supported by the EPSRC under grant EP/I032487/1 (FHLE
and MF) and the ERC under the Starting Grant n. 279391 EDEQS (PC). This work has been partly
done when the authors were guests of the Galileo Galilei Institute in Florence whose hospitality is
kindly acknowledged.
Appendix A. Asymptotic behaviour of determinants of Toeplitz matrix: Szego¨
Lemma, Fisher Hartwig conjecture and generalization
In this appendix we summarize results on Toeplitz determinants, that are used in the main part of
the paper. Let
(
T`
)
ln
= tl−n be a `× ` Toeplitz matrix with symbol t(eik), i.e.
tn ≡
∫ 2pi
0
dk
2pi
t(eik)e−inkdk . (A.1)
The behaviour of the determinant of T for asymptotically large ` depends on the analytic properties
of the symbol t(eik).
Appendix A.1. Smooth symbol: The strong Szego¨ Lemma
If the symbol t(z) is a nonzero continuous function of z on the integration countour, with winding
number zero about the origin, the function log t(z) admits the Fourier (Laurent) expansion
log t(z) =
∞∑
q=−∞
(log t)qz
q, (log t)q =
∫ 2pi
0
dk
2pi
log t(eik)e−ikq . (A.2)
The asymptotic behaviour of the determinant is then given by the strong Sze¨go limit theorem [68],
which states that
det [T`] = E[t] e
`(log t)0
(
1 +O(`1−2β)) , (A.3)
Quantum Quench in the Transverse Field Ising chain II 28
where
E[t] = exp
[∑
q≥1
q(log t)q(log t)−q
]
. (A.4)
A convenient alternative form of this result is
ln det [T`] = `
∫ 2pi
0
dk
2pi
ln t(eik) +
∑
q≥1
q(log t)q(log t)−q +O(`1−2β) . (A.5)
The exponent β characterizing the subleading corrections is determined by the analytic properties
of t(eik). The integer part of β is equal to the number of continuous derivatives of t(eik). If the
symbol is infinitely differentiable the corrections fall off faster than any power of `.
Appendix A.2. Symbols with zeroes and singularities but zero winding number: The Fisher
Hartwig conjecture
One of the many generalizations of the Sze¨go theorem is the Fisher Hartwig conjecture. It applies
to cases in which the symbol t(eik) has zeroes and/or discontinuities and can be expressed in the
form
t(eik) = t0(e
ik)
R∏
r=0
eiβr(k−kr−pisgn(k−kr))(2− 2 cos(k − kr))αr . (A.6)
Here R is an integer, αr, βr, and 0 = k0 < k1 < · · · < kR < 2pi are constants characterizing the
location and nature of singularities and zeroes, and t0(e
ik) is a smooth nonvanishing function with
winding number zero. In terms of the variable z = eik the symbol is
t(z) = t0(z)z
∑R
j=0 βj
R∏
j=0
(
2− zj
z
− z
zj
)αj
gβj (z)z
−βj
j , (A.7)
where zj = e
ikj , j = 0, . . . , R and
gβj (z) =
{
eipiβj 0 ≤ arg z < kj
e−ipiβj kj ≤ arg z < 2pi. (A.8)
We follow conventions in which z0 = 1 is always included in the set {zj}, while for all other zj we
must have either αj 6= 0, βj 6= 0 or both. Following the notations of Ref. [69] we introduce the
Wiener-Hopf factorization of t0(z) as
t0(z) = b+(z)e
(log t0)0b−(z),
b+(z) = e
∑
q≥1(log t)qz
q
, b−(z) = e
∑
q≤−1(log t)qz
q
. (A.9)
Here the constant piece e(log t0)0 has been fixed through the requirement (ln b+)0 = 0. When
Re[αj ] > −1/2 and for αj ± βj /∈ Z−, the Fisher-Hartwig conjecture (which under the above
conditions has been proved [70]) gives the asymptotic behaviour of the determinant
det
[
T`
]
∼ E[t0] e`(log t0)0
 R∏
j=0
[b+(zj)]
−αj+βj [b−(zj)]
−αj−βj
 `∑Rj=0(α2j−β2j )
×
 ∏
0≤j<k≤R
|zj − zk|2(βjβk−αjαk)
( zk
zjeipi
)αjβk−αkβj
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×
 R∏
j=0
G(1 + αj + βj)G(1 + αj − βj)
G(1 + 2αj)
 . (A.10)
Here the functional E[t] is given in (A.3) and G(x) is the Barnes G function. In the special case
R = 0, α0 = β0 = 0 the strong Sze¨go lemma applies and the above formula reduces to (A.3). In
cases where αj and βj don’t satisfy the above requirements, the large-` asymptotic behaviour can
be determined from the so-called generalized Fisher-Hartwig conjecture. Now there are in general
several different representations of the symbol in the form (A.6), i.e. there are several possible
choices of the parameters {βr} in (A.6). The asymptotic behaviour of the determinant is then
given as a sum over all inequivalent representations
det [T`] '
∑
{βr}ineq
det [T`]{βr} , (A.11)
where det [T`]{βr} denotes the expression (A.10) for a given set {βr}. In the cases encountered in
the main part of our paper we identify the representations giving rise to the leading asymptotics
and quote only their contribution.
Appendix A.3. The case of a symbol with non-zero winding number
A generalization of the Sze¨go theorem for symbols with nonzero winding number does exist [71]. If
the symbol has negative winding number, i.e. ∃κ ∈ N+ such that
a(eik) ≡ (−1)κeiκkt(eik) (A.12)
has winding number zero about the origin, the large-` asymptotics of the determinant is given by
[68, 69, 71]
det [T`] = E[a] exp
(
`
∫ 2pi
0
dk
2pi
ln[a(eik)]
)(
det
[
T˜κ
]
+O(`−3β))(1 +O(`1−2β)) , (A.13)
where E[a] is given by (A.3) and T˜κ is a κ× κ Toeplitz matrix with elements(
T˜κ
)
ln
=
∫ pi
−pi
dk
2pi
e−i(l−n)ke−i`k
a−(eik)
a+(eik)
, (A.14)
where
a(eik) = a+(e
ik)e(log a)0a−(eik) a±(eik) = exp
[ ∞∑
j=1
(ln a)±je±ijk
]
. (A.15)
As before we use notations where (ln a)j are the Fourier coefficients of ln a. For our purposes we
only need to consider the case κ = 1, in which (A.13) takes the simpler form
detT` ∼ E[a] e`(log a)0
∫ 2pi
0
dk
2pi
e−i`k
a−(eik)
a+(eik)
+ . . . . (A.16)
At large ` we have det[T`] ∝ e`/ξ, where
ξ−1 = lim
`→∞
detT`
`
= (log a)0 + lim
`→∞
1
`
ln
∫ 2pi
0
dk
2pi
e−i`k
a−(eik)
a+(eik)
. (A.17)
The case of a symbol with positive winding number can be obtained directly from (A.13) and
(A.16) by noting that the transpose of a Toeplitz matrix is another Toeplitz matrix with a symbol
of opposite winding number.
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